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NIETO-LOPEZ THEOREMS
IN ORDERED METRIC SPACES
MIHAI TURINICI
Abstract. The comparison type version of the fixed point result in ordered
metric spaces established by Nieto and Rodriguez-Lopez [Acta Math. Sinica
(English Series), 23 (2007), 2205-2212] is nothing but a particular case of the
classical Banach’s contraction principle [Fund. Math., 3 (1922), 133-181].
1. Introduction
Let (X, d) be a metric space; and T : X → X be a selfmap of X . We say that
x ∈ X is a Picard point (modulo (d, T )) if i) (T nx;n ≥ 0) (=the orbit of x) is
d-convergent, ii) z := limn T
nx is in Fix(T ) (i.e.: z = Tz). If this happens for each
x ∈ X and iii) Fix(T ) is a singleton, then T is referred to as a Picard operator
(modulo d); see Rus [20, Ch 2, Sect 2.2].
For example, such a property holds whenever d is complete and T is d-contractive;
cf. (b04). A structural extension of this fact – when an order (≤) on X is being
added – was obtained in 2007 by Nieto and Rodriguez-Lopez [15]. Denote
(a01) (x, y ∈ X): x <> y iff either x ≤ y or y ≤ x (x and y are comparable).
This relation is reflexive and symmetric; but not in general transitive. Let us say
that the sequence (xn;n ≥ 0) in X is <>-ascending if xn <> xn+1, for all n;
i.e.: any two consecutive terms of it are comparable. Call the selfmap T , (d,≤;α)-
contractive (where α > 0), if
(a02) d(Tx, T y) ≤ αd(x, y), ∀x, y ∈ X , x ≤ y.
If this holds for some α ∈]0, 1[, we say that T is (d,≤)-contractive.
Theorem 1. Assume that d is complete, T is (d,≤)-contractive, and
(a03) X(T,<>) := {x ∈ X ;x <> Tx} is nonempty
(a04) T is monotone (increasing or decreasing)
(a05) for each x, y ∈ X, {x, y} has lower and upper bounds
(a06) each <>-ascending sequence (xn;n ≥ 0) with xn d−→ x
has a subsequence (yn := xq(n);n ≥ 0) with yn <> x, ∀n.
Then, T is a Picard operator (modulo d).
Note that, this conclusion is retainable as well when (a06) is replaced with
(a07) T is d-continuous: xn
d−→ x =⇒ Txn d−→ Tx;
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this is just the 2004 main result in Ran and Reurings [18]. According to many
authors, these two results are credited to be the first extension of the classical
1922 Banach’s contraction mapping principle [4] to the realm of (partially) ordered
metric spaces. Unfortunately, the assertion is not true: some early statements of
this type have been obtained two decades ago by Turinici [28], in the context of
ordered metrizable uniform spaces. (We refer to Section 4 below for details).
Now, the Nieto-Rodriguez-Lopez fixed point result found some useful applica-
tions to differential and integral equations theory; cf. O’Regan and Petrus¸el [16].
So, it cannot be surprising that, soon after, many extensions of Theorem 1 were
provided; for the most consistent contributions we refer to Agarwal, El-Gebeily and
O’Regan [1], Gwozdz-Lukawska and Jachymski [9], or Ciric et al [6]. It is there-
fore natural to discuss the position of Theorem 1 within the classification scheme
proposed by Rhoades [19]; see also Collaco and E Silva [7]. The conclusion to be
derived reads (cf. Section 2): the Nieto-Rodriguez-Lopez theorem is but a partic-
ular case of the Banach’s contraction principle [4]. Further, in Section 3, a Suzuki
type variant [24] of Theorem 1 is considered. Some other aspects will be delineated
elsewhere.
2. Main result
Let again (X,≤, d) be an ordered metric space; and T : X → X , a selfmap of
X . Given x, y ∈ X , any subset {z1, ..., zk} (for k ≥ 2) in X with z1 = x, zk = y,
and [zi <> zi+1, i ∈ {1, ..., k− 1}] will be referred to as a <>-chain between x and
y; the class of all these will be denoted C(x, y;<>). Let ∼ stand for the relation
over X attached to <> as
(b01) x ∼ y iff C(x, y;<>) is nonempty.
Clearly, (∼) is reflexive and symmetric; because so is <>. Moreover, (∼) is transi-
tive; hence, it is an equivalence over X .
The following variant of Theorem 1 is our starting point.
Theorem 2. Assume that d is complete, T is (d,≤)-contractive, condition (a06)
holds, and
(b02) T is <>-increasing [x <> y implies Tx <> Ty]
(b03) (∼) = X ×X [C(x, y;<>) is nonempty, for each x, y ∈ X].
Then, T is a Picard operator (modulo d).
This result includes Theorem 1; because (a04) =⇒ (b02), (a05) =⇒ (b03). [For,
given x, y ∈ X , there exist, by (a05), some u, v ∈ X with u ≤ x ≤ v, u ≤ y ≤ v.
This yields x <> u, u <> y; wherefrom, x ∼ y]. In addition, it tells us that the
regularity condition (a03) is not needed there.
Now, the remarkable fact to be underlined is that Theorem 2 (hence the Nieto-
Rodriguez-Lopez statement as well) is deductible from the 1922 Banach’s contrac-
tion mapping principle [4]. Let e(., .) be another metric over X . Call T : X → X ,
(e;α)-contractive (for some α > 0) when
(b04) e(Tx, T y) ≤ αe(x, y), ∀x, y ∈ X ;
if this holds for some α ∈]0, 1[, the resulting convention will read as: T is e-
contractive. The announced Banach’s result is:
Theorem 3. Assume that e is complete and T is e-contractive. Then, T is a
Picard operator (modulo e).
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We are now in position to give the announced answer.
Proposition 1. We have Theorem 3 =⇒ Theorem 2; hence (by the above) the
Banach fixed point principle implies the Nieto-Rodriguez-Lopez result.
Proof. Let the conditions of Theorem 2 hold. We introduce a mapping e : X×X →
R+ as: for each x, y ∈ X ,
(b05) e(x, y) = inf[d(z1, z2) + ...+ d(zk−1, zk)],
where {z1, ..., zk} is a <>-chain between x and y.
I) Clearly, e is reflexive [e(x, x) = 0, ∀x ∈ X ], symmetric [e(y, y) = e(y, x),
∀x, y ∈ X ] and triangular [e(x, z) ≤ e(x, y) + e(y, z), ∀x, y, z ∈ X ]. In addition, the
triangular property of d gives d(x, y) ≤ d(z1, z2)+ ...+d(zk−1, zk), for any <>-chain
{z1, ..., zk} between x and y. So, passing to infimum, yields
d(x, y) ≤ e(x, y), ∀x, y ∈ X [referred to as: d is subordinated to e]. (2.1)
Note that e is sufficient in such a case [e(x, y) = 0 =⇒ x = y]; hence, it is a
(standard) metric on X . Finally, by the very definition of e, one has
d(x, y) ≥ e(x, y) (hence d(x, y) = e(x, y)), whenever x <> y. (2.2)
II) We claim that e is complete on X . Let (xn;n ≥ 0) be an e-Cauchy sequence
in X . There exists a strictly ascending sequence of ranks (k(n);n ≥ 0), in such a
way that [(∀n): k(n) < m =⇒ e(xk(n), xm) < 2−n]. Denoting (yn := xk(n), n ≥ 0),
we therefore have e(yn, yn+1) < 2
−n, ∀n. Moreover, by the imposed e-Cauchy
property, (xn) is e-convergent iff so is (yn). To establish this last property, one may
proceed as follows. As e(y0, y1) < 2
−0, there exists (for the starting rank p(0) = 0)
a <>-chain {zp(0), ..., zp(1)} between y0 and y1 (hence p(1) − p(0) ≥ 1, zp(0) = y0,
zp(1) = y1), such that
d(zp(0), zp(0)+1) + ...+ d(zp(1)−1, zp(1)) < 2
−0.
Further, as e(y1, y2) < 2
−1, there exists a <>-chain {zp(1), ..., zp(2)} between y1 and
y2 (hence p(2)− p(1) ≥ 1, zp(1) = y1, zp(2) = y2), such that
d(zp(1), zp(1)+1) + ...+ d(zp(2)−1, zp(2)) < 2
−1;
and so on. The procedure may continue indefinitely; it gives us a <>-ascending
sequence (zn;n ≥ 0) in X with (cf. (2.2))
∑
n
e(zn, zn+1) =
∑
n
d(zn, zn+1) <
∑
n
2−n <∞. (2.3)
In particular, (zn;n ≥ 0) is d-Cauchy; wherefrom (as d is complete), zn d−→ z as
n→∞, for some z ∈ X . Combining with (a06), there must be a subsequence (tn :=
zq(n);n ≥ 0) of (zn;n ≥ 0) with tn <> z, ∀n. This firstly gives (by the previous
relation), tn
d−→ z as n → ∞. Secondly (again via (2.2)), e(tn, z) = d(tn, z), ∀n;
so that [combining with the above d-convergence property], tn
e−→ z as n → ∞;
On the other hand, (2.3) also tells us that (zn;n ≥ 0) is e-Cauchy. Adding the
e-convergence property of (tn;n ≥ 0) gives zn e−→ z as n → ∞; wherefrom (as
zp(n) = yn, n ≥ 0), yn e−→ z as n→∞; and our claim follows.
III) Let α ∈]0, 1[ be the number appearing in the (d,≤)-contractive property
of T . Given x, y ∈ X , let {z1, ..., zk} be a <>-chain connecting them (existing
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via (b03)). From (b02), {Tz1, ..., T zk} is a <>-chain between Tx and Ty. So,
combining with the contractive condition,
e(Tx, T y) ≤
k−1∑
i=1
d(Tzi, T zi+1) ≤ α
k−1∑
i=1
d(zi, zi+1),
for all such <>-chains; wherefrom, passing to infimum, e(Tx, T y) ≤ αe(x, y); i.e.,
(b04) holds. Summing up, Theorem 3 applies to these data; and we are done. 
3. Suzuki type extensions
(A) Let (X, d) be a metric space. Define a mapping F : [0,∞[→]0, 1] as
(c01) F (t) = 1, if 0 ≤ t ≤ (√5− 1)/2
F (t) = (1− t)t−2, if (√5− 1)/2 ≤ t ≤ 2−1/2
F (t) = (1 + t)−1, if 2−1/2 ≤ t <∞.
Note that F is continuous and decreasing over its existence domain. Given the
selfmap T : X → X , call it conditional (F, α)-contractive (where α ≥ 0) provided
(c02) [x, y ∈ X , F (α)d(x, Tx) ≤ d(x, y)] =⇒ d(Tx, T y) ≤ αd(x, y);
if this holds for some α ∈ [0, 1[, then T is called conditional F -contractive. The
following 2008 result in Suzuki [24] is our starting point.
Theorem 4. Suppose that d is complete and T is conditional F -contractive. Then,
T is a Picard operator.
It is worth remarking that the family of conditions (c02) gives a characterization
of completeness; see the quoted paper for details. A related statement involving the
Kannan type conditions [10] is to be found in Kikkawa and Suzuki [11]. For various
extensions of such results we refer to Altun and Erduran [2]; see also Popescu
[17]. Note that, in all these statements, the premise of the conditional contractive
property (c02) is ”asymmetric” with respect to the couple (x, y); so, it is natural
to ask whether a supplementary condition may be added there, with a ”dual”
information about the variable y. It is our aim in the following to show that a
positive answer to this is possible, in a (quasi-) ordered realm.
(B) Let (X, d) be a metric space. Take a quasi-order (≤) (i.e.: reflexive and
transitive relation) over X ; as well as a selfmap T : X → X . Term the sequence
(zn), i) ascending iff zi ≤ zj when i ≤ j, ii) orbital, when zn = T nx, n ≥ 0, for
some x ∈ X . Call the ambient metric d, ascending-orbital complete (in short: ao-
complete) when each ascending orbital d-Cauchy sequence converges. Further, let
us say that (≤) is ascending-orbital-self-closed (in short: ao-self-closed) provided:
[(zn)=ascending orbital, zn → z] imply zn ≤ z, for all n.
Denote G(t) = 1/(1+ t), t > 0; this function is continuous, decreasing and maps
]0,∞[ onto ]0, 1[. Further, let the relation <> over X be introduced as in (a01),
but, in our quasi-order realm; as before, it is reflexive and symmetric. Call the
selfmap T , weakly conditional (G,<>;α)-contractive (where α > 0) provided
(c03) x <> y, G(α)max{d(x, Tx), d(y, Tx)} ≤ d(x, y) =⇒ d(Tx, T y) ≤ αd(x, y).
If this holds for at least one α ∈]0, 1[, the underlying map T is called weakly condi-
tional (G,<>)-contractive.
Having these precise, assume in the sequel that
(co4) X(T,≤) := {x ∈ X ;x ≤ Tx} is nonempty
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(c05) T is increasing (x ≤ y =⇒ Tx ≤ Ty).
We say that x ∈ X(T,≤) is a Picard point (modulo (≤, T )) if iii) (T nx;n ≥ 0) is
d-convergent, iv) z := lim(T nx) is in Fix(T ) and T nx ≤ z, ∀n. If this happens
for each x ∈ X(T,≤) and v) Fix(T ) is (≤)-singleton [z, w ∈ Fix(T ), z ≤ w =⇒
z = w], then T is called a Picard operator (modulo (≤)). Note that, in this case,
each x∗ ∈ Fix(T ) fulfills
∀u ∈ X(T,≤) : x∗ ≤ u =⇒ u ≤ x∗; (3.1)
i.e.: x∗ is (≤)-maximal in X(T,≤). In fact, assume that x∗ ≤ u ∈ X(T,≤). By iii)
and iv), (T nu;n ≥ 0) d-converges to some u∗ ∈ Fix(T ) with T nu ≤ u∗, ∀n; hence,
x∗ ≤ u ≤ u∗. Combining with v) gives x∗ = u∗; wherefrom u ≤ x∗.
Theorem 5. Assume that T is weakly conditional (G,<>)-contractive, d is ao-
complete, and (≤) is ao-self-closed. Then T is a Picard operator (modulo (≤)).
Proof. Let α ∈]0, 1[ be the number appearing in the weak conditional contractive
property of T . There are several steps to be passed.
I) Let x∗, u∗ ∈ Fix(T ) be such that x∗ ≤ u∗. We have d(x∗, T x∗) = 0,
d(u∗, T x∗) = d(u∗, x∗); hence G(α)max{d(x∗, T x∗), d(u∗, T x∗)} ≤ d(x∗, u∗). This,
by the contractive condition, yields d(x∗, u∗) ≤ αd(x∗, u∗); wherefrom (as d=metric)
x∗ = u∗; and so, Fix(T ) is (≤)-singleton.
II) It remains to show that each x = x0 ∈ X(T,≤) is a Picard point (modulo
(≤, T )). Put xn = T nx, n ≥ 0; clearly, (xn;n ≥ 0) is an ascending orbital sequence
in X . For each n ≥ 0,
xn ≤ xn+1, G(α)max{d(xn, T xn), d(xn+1, T xn)} ≤ d(xn, xn+1);
so, by the imposed contractive condition, d(xn+1, xn+2) ≤ αd(xn, xn+1), ∀n; where-
from, (xn;n ≥ 0) is d-Cauchy. As d is ao-complete (and (≤) is ao-self-closed)
xn → z (hence xn ≤ z, ∀n), for some z ∈ X . (3.2)
III) Suppose that our sequence is such that
(c06) for each n, there exists m > n with xm = z.
It follows that a subsequence (xp(n);n ≥ 0) of (xn) exists with xp(n) = z, for all n.
This, along with [xp(n)+1 = Tz, ∀n] gives (via (3.2) and d=metric), z = Tz.
IV) Assume in the following that the opposite situation holds:
(c07) there exists h such that: xn 6= z, for all n ≥ h.
Fix k ≥ h; and put xk = u; clearly, u ≤ xn ≤ z, for all n ≥ k. As d(xn, T xn)→ 0,
d(xn, u) → d(z, u) > 0, there must be some rank p ≥ k such that d(xn, T xn) ≤
αd(xn, u), ∀n ≥ p. On the other hand (for the same ranks) d(u, Txn) ≤ d(u, xn) +
d(xn, T xn) ≤ (1 + α)d(u, xn); hence, summing up,
xn ≥ u,G(α)max{d(xn, T xn), d(u, Txn)} ≤ d(xn, u), ∀n ≥ p.
These, by the contractive condition, give d(Txn, T u) ≤ αd(xn, u), ∀n ≥ p; so that
(passing to limit as n → ∞), d(z, Tu) ≤ αd(u, z). By the triangle inequality
d(u, Tu) ≤ d(u, z) + d(z, Tu) ≤ (1 + α)d(u, z); wherefrom (putting these together)
u ≤ z,G(α)max{d(u, Tu), d(z, Tu)} ≤ d(u, z);
so that (by the same contractive condition), d(Tu, T z) ≤ αd(u, z). Taking into
account the adopted notation, we have d(Txk, T z) ≤ αd(xk, z), ∀k ≥ h. So, passing
to limit as k →∞, one derives z = Tz; and conclusion follows. 
6 MIHAI TURINICI
In particular, when (≤) is the trivial quasi-order of X , the obtained result ex-
tends, in a partial way, Theorem 4. An open question is of whether or not a full
extension may be reached; we conjecture that a positive answer is not in general
valid. Note that, by the same technique, it is possible to get a quasi-ordered version
of the main result in Singh, Pathak and Mishra [22]; we shall develop such questions
elsewhere.
4. Old approach (1986)
In the following, a summary of the 1986 general results in Turinici [28, Sect 2-3]
is being sketched, for completeness reasons.
(A) LetX be a nonempty set; and≤ be an ordering (i.e., a reflexive, antisymmet-
ric, and transitive relation) on X . For any x ∈ X denote (≤, x] = {y ∈ X ; y ≤ x}
and [x,≤) = {y ∈ X ;x ≤ y}; also, given any couple x, y ∈ X , x ≤ y, put
[x, y] = (≤, y] ∩ [x,≤) and call it the (order) interval between x and y. A se-
quence (xn;n ∈ N) in X will be said to be increasing when xi ≤ xj for i ≤ j,
and bounded from above in case xn ≤ y, n ∈ N , for some y ∈ X . Furthermore, let
D = (di; i ∈ N) be a denumerable sufficient family of semi-metrics on X ; in this
case, the triplet (X,D,≤) will be termed an ordered metrizable uniform space. We
shall say that the sequence (xn;n ∈ N) in X , D-converges to x ∈ X (and we write
xn
D−→ x) when di(xn, x) → 0 as n → ∞, for each i ∈ N ; if such elements exist,
(xn;n ∈ N) will be called D-convergent. Further, let us say that (xn;n ∈ N) in
X is D-Cauchy provided di(xn, xm) → 0 as n,m → ∞, for each i ∈ N . Clearly,
any D-convergent sequence is necessarily D-Cauchy; in this context, (X,D) will
be said to be order complete when each increasing D-Cauchy sequence converges.
A subset Y of X will be termed order closed when the limit of any D-convergent
increasing sequence in Y belongs to Y ; also, the ambient ordering on X will be
called self-closed (resp., anti self-closed) in case [x,≤)(resp., (≤, x]) is order closed
for any x in X ; and interval-closed, when it is both self-closed and anti self-closed
(or, equivalently: when each interval of X is order closed).
In what follows, we shall say that (yn;n ∈ N) is a subsequence of (xn;n ∈ N)
when a strictly increasing function k from N to itself may be found with xk(n) = yn,
n ∈ N . Under such a convention, let us call the sequence (xn;n ∈ N) inX , relatively
compact when any subsequence (yn;n ∈ N) of it contains a convergent subsequence.
The following result, closely related to that of Ward [31] (see also Krasnoselskii [12,
Ch I, Sect 5]) will be useful for us.
Lemma 1. Let the ordered metrizable uniform space (X,D;≤) be such that ≤
is interval closed. Then, the increasing sequence (xn;n ∈ N) in X is relatively
compact, if and only if it converges to some element x of X.
Proof. Let (un;n ∈ N) and (vn;n ∈ N) be a couple of convergent subsequences of
(xn;n ∈ N). If un D−→ u and vn D−→ v then, by the interval-closeness property,
we get u ≤ v ≤ u; that is, u = v. In other words, all convergent subsequences of
(xn;n ∈ N) have the same limit, x. We claim that xn D−→ x. Indeed, suppose that
this assertion were false; then, a couple i ∈ N , ε > 0 may be chosen so that, for
each n ∈ N there exists m > n with di(xm, x) ≥ ε. It follows that a subsequence
(yn;n ∈ N) of (xn;n ∈ N) exists with di(yn, x) ≥ ε, n ∈ N ; wherefrom, no
convergent subsequence (zn;n ∈ N) of it (hence of (xn;n ∈ N)) can have x as
limit, contradicting the above conclusion. 
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Concerning the notion we just introduced, it would be desirable (for both prac-
tical and theoretical reasons) to express it in terms of the sequence itself. To this
end, let us call the sequence (xn;n ∈ N) in X , precompact when for each i ∈ N ,
ε > 0, a finite subset A = Ai,ε of N may be found so that: for every n ∈ N there
exists p ∈ A with di(xn, xp) < ε. Now, as a completion of Lemma 1, we have
Lemma 2. Assume (X,D;≤) is such that X is order complete. Then, for each
increasing sequence in X, relatively compact is identical with precompact.
Proof. Necessity. Let (xn;n ∈ N) be an increasing relatively compact sequence in
X that is not precompact. Then, a couple i ∈ N , ε > 0 may be chosen so that,
for each finite subset A of N , an index n ∈ N will exist with di(xn, xp) ≥ ε, for
all p ∈ A. It easily follows that a subsequence (yn;n ∈ N) of (xn;n ∈ N) may
be constructed such that di(yn, ym) ≥ ε, n < m, proving (yn;n ∈ N) has no D-
Cauchy (hence, by our hypothesis, no D-convergent) subsequences, contrary to our
assumption. Sufficiency. Let (xn;n ∈ N) be an increasing precompact sequence in
X and let (yn;n ∈ N) be a subsequence of it. As (yn;n ∈ N) is precompact too,
it clearly follows, by definition, that a subsequence (un;n ∈ N) of it may be found
with d0(un, um) < 2
−0, n ≤ m; furthermore, by the precompactness of (un;n ∈ N),
a subsequence (vn;n ∈ N) of it may be found with d1(vn, vm) < 2−1, n ≤ m; and
so on. By a standard diagonal process one arrives at an increasing D-Cauchy
(hence, by our completeness hypothesis, D-convergent) subsequence (zn;n ∈ N) of
(yn;n ∈ N) and the proof is complete. 
(B) Let X be an ordered metrizable uniform space under the denumerable suf-
ficient family of semi-metrics D = (di; i ∈ N) and the ordering ≤. Also, let Y be
a subset of X and T a mapping from Y to itself. An important problem concern-
ing these elements is that of determining the existential comparative (modulo ≤)
connections between the subset Yoi of all solutions in Y of the operator inequality
x ≤ Tx (4.1)
and the subset Yoe of all solutions in Y of the associated operator equation
x = Tx. (4.2)
This will necessitate, as a first basic hypothesis
(d01) Yoi is not empty.
In the following, we are interested in establishing a number of topological answers
to the above question; so, it is natural to accept as a second basic hypothesis
(d02) ≤ is interval-closed.
The first main result of the present paper is
Theorem 6. Let the order-closed subset Y of X and the increasing mapping T
from Y to itself be such that
(d03) each increasing sequence (xn;n ∈ N) in Y with xn ∈ T k(n)(Yoi), n ∈ N ,
for a strictly increasing sequence (k(n);n ∈ N) in N , is relatively compact.
Then, to any u in Yoi there corresponds v in Yoe with the properties
(a) u ≤ v,
(b) if w ∈ Yoi satisfies v ≤ w then v = w.
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Proof. There are three steps to be passed.
I) Without loss of generality, one may suppose that D is an increasing family
(di ≤ dj whenever i ≤ j); because, otherwise, replacing it by the family E = (ei :=
d0 + ... + di; i ∈ N) the basic hypothesis (d02) as well as the specific assumption
(d03) remain valid.
II) We claim that for every couple i ∈ N , ε > 0, the following assertion is true
for each m ∈ N and x ∈ Tm(Yoi), there exist
n > m in N and y ≥ x in T n(Yoi) such that:
di(y, z) < ε, for every p > n in N and z ≥ y in T p(Yoi).
(4.3)
Indeed, if (4.3) were not valid, a m ∈ N and x ∈ Tm(Yoi) exist with
for every n > m in N and y ≥ x in T n(Yoi), there exist
p > n in N and z ≥ y in T p(Yoi) with di(y, z) ≥ ε.
It immediately follows that an increasing sequence (yn;n ∈ N) in Y and a strictly
increasing sequence (k(n);n ∈ N) in N may be constructed with
yn ∈ T k(n)(Yoi) and di(yn, yn+1) ≥ ε, for all n ∈ N .
By (d03), (yn;n ∈ N) is relatively compact; hence D-convergent if we take (d02)
plus Lemma 1 into account; so that di(yn, yn+1)→ 0 as n→∞. The contradiction
at which we arrived shows that the assertion (4.3) is true.
III) For the arbitrary fixed u in Yoi = T
0(Yoi) there exists, by (4.3), an increasing
sequence (xn;n ∈ N) in Y and a strictly increasing sequence (k(n);n ∈ N) in N ,
fulfilling [0 < k(n), u ≤ xn ∈ T k(n)(Yoi), n ∈ N ], as well as
(∀n): [N ∋ p > k(n) and T p(Yoi) ∋ y ≥ xn] imply dn(y, xn) < 2−n. (4.4)
From (d03), in conjunction with (d02) and Lemma 1, it follows that xn
D−→ v for
some v in Y . We claim that v is the desired element. Indeed, let us first observe
that, in view of the self-closeness property of our ordering,
u ≤ xn ≤ v, n ∈ N ; (4.5)
and therefore, u ≤ v. As an immediate consequence of (4.5) we have Txn ≤ Tv,
n ∈ N . On the other hand, by the evident relation
xn ≤ Txn ∈ T k(n)+1(Yoi), n ∈ N
plus (4.4) it clearly follows Txn
D−→ v; so, combining these, one arrives (by the
anti-self-closeness property of our ordering) at v ≤ Tv; that is, v ∈ Yoi. Moreover,
as a further consequence of (4.5)
xn ≤ T k(n)+1xn ≤ T k(n)+1v ∈ T k(n)+1(Yoi), n ∈ N ;
in which situation, again by (4.4), T k(n)+1v
D−→ v; so that (via (d02))
v ≤ Tv ≤ T k(n)+1v ≤ v, n ∈ N ;
that is, v ∈ Yoe. Finally, suppose that v ≤ w for some w ∈ Yoi; then, as
xn ≤ v ≤ T k(n)+1w ∈ T k(n)+1(Yoi), n ∈ N
one gets by (4.4) that T k(n)+1w
D−→ v; and therefore, by (d02) again,
w ≤ T k(n)+1w ≤ v, n ∈ N [hence, in particular, w ≤ v],
completing the argument. 
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Let us call the subset Z of X , order-sequentially relatively compact when each
increasing sequence in Z is relatively compact. Clearly, a sufficient condition guar-
anteeing the validity of (d03) is
(d04) T k(Y ) is order-sequentially relatively compact, for some index k ∈ N .
Then, as an useful variant of the first main result, we have (cf. Turinici [27])
Theorem 7. Let the order-closed subset Y of X and the increasing mapping T from
Y to itself be such that (d04) is holding. Then, conclusions (a)+(b) of Theorem 6
are retainable.
Returning to the setting of (d03) - essential to the present discussion - let us
remark that its particular form (d04) may be viewed as a ”spatial” (strong) restric-
tion of it; so that it is of practical interest to determine what happens when (d03)
is replaced by its ”temporal” (weak) restriction
(d05) each increasing sequence (T nx;n ∈ N) in Y with x ∈ Yoi,
is relatively compact.
To do this, we have to introduce the notions below. Given the mapping U from
Y to itself, call it sequentially continuous at the left when for each x in Y and
each increasing sequence (xn;n ∈ N) in Y with xn D−→ x and xn ≤ x, n ∈ N , we
have Uxn
D−→ Ux. Also, let us say that U has an order uniqueness property when
x ≤ y and x = Ux, y = Uy imply x = y (i.e.: any two fixed points of U are either
identical or incomparable). The second main result of the present paper is (cf. also
Dugundji and Granas [8, Ch I, Sect 4])
Theorem 8. Let the order-closed subset Y of X and the increasing mapping T
from Y to itself be such that (d05) holds, as well as
(d06) T is sequentially continuous at the left
(d07) T has an order uniqueness property.
Then, conclusions (a)+(b) of the main result remain valid.
Proof. Let u in Yoi be arbitrary fixed. By (d05) plus (d02) and Lemma 1, T
nu
D−→ v
for some v ∈ Y . Clearly, T nu ≤ v, n ∈ N ; so that, by the sequential left continuity
assumption (d06), T n+1u
D−→ Tv; wherefrom (as D is sufficient), v ∈ Yoe. Let w
in Yoi be such that v ≤ w. By the above reasoning T nw D−→ v′ for some v′ ∈ Yoe;
on the other hand [by (d02)], v ≤ T nw ≤ v′, n ∈ N , and this proves v ≤ v′.
Combining this fact with (d07), one gets v = v′ and hence w ≤ v. 
An interesting feature of the above statements is given by the fact that (although
implicitly embodied into the hypothesis (d03) or its variants) no explicit (order)
completeness property for the ambient ordered metrizable uniform space were as-
sumed; so that – to complete our treatment and, at the same time, to cover some
useful particular cases – it would be necessary to discuss this eventuality. Assume
in the following that [in addition to the basic hypotheses (d01)+(d02)]
(d08) X is order complete;
then, in view of Lemma 2, an appropriate formulation of the main results might be
obtained if one replaces in (d03), (d04), (d05), the word ”relatively compact” by
”precompact”. Particularly, if we restrict our considerations to Theorem 8 above,
the following remark turns out to be in effect in many concrete situations. Let
f : R+ → R+ be increasing; we shall say that it has the property (P), provided
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fn(t)→ 0 as n→∞, for all t > 0,
where, for each n, fn indicates the n-th iterate of f ; note that, by a lemma due
to Matkowski [14], we necessarily have in such a case f(t) < t, for all t > 0 (hence
f(0) = 0). Now, Y and T being as before, let us denote
fi(t) = sup{di(Tx, T y);x ≤ y, di(x, y) ≤ t}, t ∈ R+, i ∈ N .
Then we claim that the hypothesis
(d09) fi(R+) ⊆ R+ and fi has the property (P), for all i ∈ N
is a sufficient one for the validity of (d05)+(d06)+(d07). Indeed, letting u ∈ Yoi be
arbitrary fixed, put ai = di(u, Tu), i ∈ N , and observe that
di(T
nu, T n+1u) ≤ fni (ai), i, n ∈ N ;
a relation which in turn implies, by (d09)
di(T
nu, T n+1u)→ 0 as n→∞, for all i ∈ N .
Let i ∈ N and ε > 0 be arbitrary fixed. By the above relation, a rank m =
m(i, ε) may be found with di(T
mu, Tm+1u) ≤ ε − fi(ε) ≤ ε; combining with the
definition of fi yields di(T
m+1u, Tm+2u) ≤ fi(ε) so that, by the triangle property,
di(T
mu, Tm+2u) ≤ ε. Again using the definition of fi we have di(Tm+1u, Tm+3u) ≤
fi(ε); so that, by the same procedure as above, di(T
mu, Tm+3u) ≤ ε, and so on.
By a finite induction, one arrives at di(T
mu, Tm+nu) ≤ ε, n ∈ N . This, along
with (d08), proves (d05); so, the assertion follows, because (d06)+(d07) are almost
trivial in our case.
In concluding this section, let us remark that the comparison theorems we for-
mulated before may be interpreted in the following dual ways:
i) as maximality results modulo Yoi; in which case, via Theorem 1 of Turinici
[27] they appear as particular versions of the maximality principle in [26]
ii) as fixed point results modulo Y ; in which situation (under a continuity as-
sumption similar to (d06)) they may be viewed as metrizable uniform versions of
some topological statements in this area due to Wallace [30], Ward [31], Smithson
[23], and Turinici [25].
On the other hand, suppose thatX is a complete Fre´chet space under a denumerable
sufficient family of seminorms S = {|.|i; i ∈ N} and let X+ be a closed cone in X ;
then, defining an ordering structure by
x ≤ y if and only if y − x ∈ X+
the general hypotheses (d02)+(d08) of this section are clearly fulfilled; in particular,
when S reduces to a single element (i.e., a norm on X) Theorem 6 includes the 1973
related statement in Krasnoselskii and Sobolev [13]; and Theorem 8 reduces to the
1970 result in Chandra and Fleishman [5]; see also Azbelev and Tsaljuk [3]. Some
concrete examples of such cones may be found in Krasnoselskii [12, Ch I]; cf. also
Vulikh [29, Ch III]. Finally, suppose the self-mapping T were decreasing; then,
evidently, T 2 is increasing; so that – modulo the remaining hypotheses – a number
of comparison results concerning the couple (4.1)+(4.2) (with T 2 in place of T ) may
be given. Some topological aspects of the problem were discussed by Seda [21].
(C) Note added in 2011
The argument concerning the couple (d08)+(d09) tells us that the following
particular version of Theorem 8 was established. (As before, (d01)+(d02) prevail).
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Theorem 9. Let the order-closed subset Y of X and the increasing mapping T
from Y to itself be such that (d08)+(d09) hold. Then, conclusions (a)+(b) of the
main result are retainable.
In fact, a close examination of the reasoning above tells us that such conclusions
are obtainable even if (d02) is to be replaced by its weaker counterpart
(d10) ≤ is self-closed.
In this case, Theorem 9 extends the 2008 statement in Agarwal, El-Gebeily and
O’Regan [1, Theorem 2.1] to the realm of ordered metrizable uniform spaces.
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